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ABSTRACT
We show that it is consistent with ZFC that L°°(Y, B,v) has no linear
hifting for many non-complete probability spaces (Y, B, v), in particular for
Y =0, l]A, B = Borel subsets of Y, ¥ = usual Radon measure on B.

1. Introduction

In [S 83] the second author showed that it is consistent that Lebesgue measure
on [0, 1] has no Borel lifting. This argument was generalized in [J 89] and [BJ 89]
to produce a model where there is no lifting p for the usual product measure on
[0, 1)4 such that for each measurable set E, p(E) = E’' x[0,1]4~ where B C A is
countable and E' C [0, 1]2 is projective. In particular [0, 1] has no Baire lifting.
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The approach taken there did not shed any light on the question of whether one

can produce in ZFC a Borel lifting for [0,1]4 when A is uncountable. In this

paper we show that this is not possible. D.H. Fremlin suggested the use of linear

liftings for this purpose. The technique is a modification of the one used in [S
83]. We assume that the reader is familiar with [S 83]. Most definitions which

we need are given below. See [IT 69] for more details concerning liftings.

1.1 Definitions:

1.

If (Y, B, v) is any probability space (not necessarily complete) then as usual
we say that f: Y — R is measurable if f~1(a,b) € B for every rational
interval (a,b) C R.

L*(Y,B,v) = {f € RY : f is bounded and measurable }.

. p: L>(Y,B,v) — L>*(Y,B,v) is a linear lifting if for all f,g € L>(Y,B,v)

and all z,y € R,

(a) f =g a.e. implies p(f) = p(g) (everywhere).

(b) p(f) = f ae.

(c) plzf +yg) = zp(f) +yp(g).

(d) p(1) =1 where 1 is the constant function with value 1.

(e) f >0 a.e. implies p(f) > 0.
p: L(Y,B,v) — L>(Y,B,v) is a lifting if p is a linear lifting and p(fg) =
p(f)p(g) for all f,g € L*(Y, B,v). In this case p corresponds in a canonical
way to a lifting for the measure algebra of (Y, B, v). See [IT 69).
When p is a linear lifting for L>(Y, B,v) and E € B, we will write p(E)
instead of p(x k), where x g is the characteristic function of the set E.
For sequences of real numbers, we will use the expressions increasing and
decreasing to mean strictly increasing and strictly decreasing, respec-

tively.

. For real numbers a # b, (a,b) will denote {z € R:a < z < b} if a < b, and

{reR:b<z<a}ifb<a. |

We will prove the following theorem:

1.2 THEOREM: The following is consistent with ZFC: Let ¥ = the o-algebra of
Borel subsets of [0,1], p = Lebesgue measure on L. Then L*([0,1], Z, u) has no

linear lifting.

1.3 COROLLARY: The following is consistent with ZFC: Suppose that

1.

(Y, B,v) is a probability space (not necessarily complete),
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2. There is a measurable inverse-measure-preserving function ¢: Y — [0,1],
3. There is a Borel disintegration of v, i.e., there is a family (v, : = € [0,1]) of
probability measures on B such that for each g € L=(Y, B, v), the function
z — [ g dv, is Borel measurable and equal a.e. to E(gle~'(X)). (Here E(-)
is the conditional expectation operator.)
Then L*°(Y, B, v) has no linear lifting. (In particular (Y, B,v) has no lifting.)

Proof: 1If p is a linear lifting for L°(Y,B,v), then § is a linear lifting for
L>([0,1], Z, u) where p(f)(z) = [ p(f o ¢)dv,. [For a.a. z we have p(f)(z) =
E(foplp™!(D)(=) = f(z)] 1
1.4 Examples of spaces (Y, B,v) which satisfy assumptions 1-3:
1. Y = [0,1]4, B = Borel subsets of [0,1]4, v = usual Radon product measure
on B.
2. Y = {0,1}4, B = Borel subsets of {0,1}#, » = usual Haar measure on B.
3. (Z,C,)) is any probability space, Y = [0,1] x Z, B = the o-algebra gen-
erated by the rectangles E x F, E € &, F € C, v = the usual product

measure on B. R

Note that the third hypothesis of the corollary is needed. To see this,
consider the hyperstonian space (Y,B,v) of [0,1] and the canonical projection
p: Y — [0,1). We know that (Y,B,v) has a lifting (even a continuous lifting).
(See [F 89].) However in the model which we will construct, none of the disinte-

grations of v will be Borel, so there is no contradiction.

1.5 PROBLEM: Is it consistent with ZFC that there is a translation-invariant
linear lifting for L*°([0,1),Z,4)? (p is translation invariant if p(f,)(z) =
p(f)(a+ z), where f,(y) = f(a +y) (all additions are mod 1), for a,z,y € [0,1),
f€L=([0,1),E,p).)

2. Proof of Theorem 1.2

Let L™ stand for L>°([0,1], %, ).
Assume V = L. As in S 83] (the technique is explained in [S 82]), we
use an oracle-cc iteration of length Ry, and it will suffice to prove the following

lemma.

2.1 MAIN LEMMA: Let M be an ®;-oracle and let p be a linear lifting of L™,
Then there is a forcing notion P satisfying the M-cc and a P-name X of an open
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set such that for every G C P x Q generic over V (where @ is Cohen forcing),
there is no Borel function h in V[G] such that

(a) k= xxq ae

(b) for every g € (L®)V, ifg < Xx|[q) &€ then p(g) < h.

(c) for every g € (L)Y, if X1y S g a-e then b < o(9).

2.2 Proof of the main lemma: Let S denote the set of triples
a= ({api: i <w),{ai:i <w),au)

such that the aj; are rational numbers in (0,1) (j < 2, ¢ < w), a,, is irrational,
(agi: i < w) is an increasing sequence converging to a, and {a:1i: ¢ < w) is a
decreasing sequence converging to a,,. Define a partial order P = P((a*: a < f))
where 8 < wy, @* € S, and the numbers a are pairwise distinct, as follows: p € P
iff the following conditions hold:
(a) p= (Up, fp), where U, is an open subset of (0, 1), cl(U,) has measure < 1/2,
and f,: Up — {0,1}.
(b) There is a finite sequence of rational numbers 0 = by < b; < ... < b, =1
such that U, = UpZg I, l(Ie)  (be, betr)-
(c) I is either a rational interval, in which case f,|I; is constant, or there are
a < f3 and n(f) < w such that

I, = U U (a"’,va a?,2m+'l)

J<2 n()<m<w

and fpl(af4m+2ks 5 ams2k+1) is identically equal to k, (j < 2, n(€) < 2m +

E,m<w, k<2).

The order on P is: p < g if and only if U, C Uy, f, C fq, and cl(U,)NU, =
U,.

Let X be a P-name for {J{(a, b): (a, b) is a rational interval C (0, 1) and for
some p € Gp, (a,b) C U, and f,|(a, b) is identically zero}.

As in [S 83], the main lemma will follow if we prove the following claim.

2.3 MAIN CLAIM: Let Ps = P({(@*: a < §)), § < wy be given, as well as a
countable Ms, Ps € Ms, a condition (p*,r*) € Ps X Q and a Ps x Q-name 7 for
a code for a member of L. (We shall identify Borel functions and their codes.
This should not cause any confusion.) Then we can find @® € S such that, letting
Ps4q1 = P({@*: a < 6)), the following conditions hold:
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(A) Every predense subset of P; which belongs to M; is a predense subset of
Ps41.
(B) Thereis a condition (p',r') € Ps41 x Q such that (p*,r*) < (p',r') and one
of the following two conditions holds for some n:
(B1) (#',7') IFPsaxq “ T(al) 2 1/2
and P(Uj<z Ungm<w(ag,4m+2’ af,4m+3))(af,) >3/4
and X N Uj<2 Unsm<w(a6-’4m+2, a§,4m+3) =0
or
(B2) (#',7") I Poyaxq “ 7(al) < 1/2
and P(Uj<2 Un5m<w(a§,4m, ag,4m+1))(at6~') > 3/4
and Uj<2 Ungm@(a?,«;ma a§,4m+l) c X

Remark: The proof of the Main Lemma is a bookkeeping argument using the
Main Claim. P is obtained, in the notation of the Main Claim, as P = | J; <wy P55
and the bookkeeping is needed to ensure that all triples (p*,r*, ) are considered
in the construction, where (p*,r*) € P x Q and 7 is a P x Q-name for a code of
a Borel function. If there were an h contradicting the Main Lemma, then there
would be a P x Q-name 7 for h and a condition (p*,r*) € P x @ forcing that
r satisfies (a), (b), (¢} of the Main Lemma. But then condition (B) of the Main
Claim gives a contradiction. For more details of such oracle-cc arguments see pp.

114F of [S82). N

2.4 Proof of main claim 2.3: Choose a sufficiently large regular A and choose a
countable N < H) such that p, Ps, (@*: a < 8),7,Ms € N. Choose a random real
over N, a’ € (0,1) — cl(Up+). Note that for any rational interval (a,b) C (0,1)
we have p((a,))(a5) = x(au(@5). Let uo = p((0, a%))(ad), u1 = p((a, 1)(ad).
Then ug +u; = 1.

Note that for any number z, if 0 < z < af,, then p((z, ad))(al) = uo. (Oth-
erwise, for any rational number b such that < b < af,, we have p((0, 5))(a%) > 0,
contradicting the choice of a®.) A similar statement holds for u;. Putting
these together we see that p((z,y))(a’) = 1 for any numbers z and y such that
0<z< af, <y<l1

Choose an increasing sequence of rational numbers (bg,: n < w) € N[a)
converging to a®, and choose a decreasing sequence of rational numbers (by,: n <

w) € N[al] also converging to a’. In N{al] define the partial order R for adding
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a Mathias real as follows:
R = {(s, A): s is a finite subset of w, A C w, max(s) < min(A4)},
ordered by (s, A) > (¢, B) iff t is an initial segment of s, AC B, s—t C B.

For sets A C w, let us identify A with its enumerating function, so that
we may write A = {A(i): i < |Al}. We need the following special case of the
known fact that an infinite subset of a Mathias real is a Mathias real. (See [M 77:
Theorem 2.0]; the special case which we need here is a fairly routine exercise.)
2.5 FACT: If X C w is R-generic over N[a}], and g € w* N N{al] is increasing,
then Y = {X(g(n)): n < w} is also R-generic over N[a’]. 1

Let f* be the enumerating function of a set which is R-generic over N[a’).
In N{a’][f*], define for increasing functions f € w*,

An(f) = U U (b, f(at+m)> b, fatm+1))-
i<2 k<t<w
Define f3(¢£) = f*(3¢) for £ < w.
Then {A2,(f3): m < 4} is a partition of (Bg, s+ (o), b1,7+(0))- For some m < 4

we have
(*) (A% (f3))(al) < 1/4.

2.6 CLAIM: For any /2 < 4 and k < w, we can find an increasing function
g € N[a’) Nw" such that g(i) =i for all : < k and p(4%,(f* 0 g))(ad) > 3/4.
Proof of Claim: Let g(i) =i for i <4k +m + 1 and define g(44+m+1+j) =
120+ 3m + j for £ > k and j < 4. We leave it for the reader to check, using (*),
that g has the desired property. (The reader might find it helpful, for seeing the
role of g, to mark off the first few elements of its range on a line.) |

Let us provisionally let @ = ((by s+ (¢): £ < w), (b1, (g): £ < w),al).
2.7 Proof of condition (A) of main claim 2.3: Let J C Ps be predense, J € M;.
We must show that J is predensein Ps4;. Let p € Psyy, p € Ps. By the definition
of P54, there are ¢ € Ps and rational numbers cg,c; and £(0) € w such that

0 < Bo, g+ (at0))—1 < €0 < bo, g (ae(0)) < G5, < b1, g (at(0)) < €1 < by, goar(op—1 < L,

A(Ug)Nleo, e1] = 8, Up = UpUALD (F)UA(£2), fp = F3U0 4201 (o) UL 400 guy-
(For i = 0,1, i4 denotes the function with domain A and constant value 3.)
The proof of the following fact is exactly as in {S 83].
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2.8 FacT: If r € Ps, J C Ps is dense, (co,c1) € (0,1) and (¢, 1) N U, = 0,
then
p((coc) N[ HelUr): €, 27}) =0. &

Let J; = {r € Ps: 31 € J q1 < r}. For every k > f*(4£(0)) let

Ty = {t € Ps: U, is the union of finitely many intervals whose endpoints
are from {b;,¢: j < 2, f*(4£(0)) < £ < k} and p(U, UU;) < 1/2}.

So Ty is finite and for each t € Ty, ¢ < qUt € Ps and af ¢ cl(U;). In N, define
for each k > f*(4¢(0)) and t € Ty,

Jo = (bo,k,b1,k) O [ {el(Uy, ): 1 € J1, 11 2 q U},

By fact 2.8, J; has measure zero, and hence a®, ¢ J;. Thus there is an r; €
Ji, such that ry > qUt and @b, & cl(Uy,). Define g: | J{Tx: k > f*(44(0))} = w
and G: w — w such that [by g(s), b1, y(ey] N cl(Ur,) = B, by g(ey — bo o1y < (1/2) —
p(Ur,), G(k) = max{g(t): t € Ti;}. Since f* is R-generic over N[a’], for all but

finitely many ¢ < w we have
fr(4+2) > G(f* (42 +1)).
Choose such an £ > £(0). Let k = f*(4£+ 1), t = (U, ft), where

Ue = Up N ([bo, g+ (4£(0))» bo, k] U [b1,k, b1, 5 (aeopy))>

ft = fp|Us. Then t € Ti and we have r¢ € Jy, 1y > qUt. Also, {bO,G(k), bl,G(k)] N
cl(Ur,) = B and hence [bo f+(4¢42), b1,f+ (ae42)] N cl(Uy,) = 0. Thus p and r; are
compatible, and this proves part (A) of main claim 2.3. 1

2.9 Proof of condition (B) of main claim 2.3: Let
P = (U, UAS(f*)U AS(F*), fpr U 04y U Laz(sey)

where k is large enough so that p} € Ps4y. So p} € Nlal][f*] and (p},r*) >
(p*,r*). In N[a][f*], choose (p',r') > (p},r*) deciding whether r(al) > 1/2 or
(al) < 1/2, say the first. We will get (p', ') so that condition (B1) of main claim
2.3 is satisfied. The other case is handled similarly. For some (¢, B) € RN N|a®)
we have f*(n) = t(n) for all n < [t|, f*(n) € B for all n > |¢|, and
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Niai] E (¢, B) (') Ik Poaxq T(ad) 2 1/2".

By claim 2.6 and fact 2.5 above, we can replace f* by another R-generic real,
maintaining f*(n) = t(n) for n < |t| and f*(n) € B for n > |t|, so that
p(A3(f*))(a®) > 3/4. (B1) is now satisfied. This completes the proof of main
claim 2.3 and of theorem 1.2. |
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